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ABSTRACT

Nl et

The coupling between two parallel-plate waveguides is calculated
using edge-diffraction techniques. The parallel-plate guides have
arbitrary truncation angles and are formed by wedges of arbitrary
angular extent, Coupling is calculated for both TEM and TEe wave-
guide modes with the results experimentally verified.
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COUPLING BETWEEN PARALLEL-PLATE WAVEGUIDES
BY WEDGE DIFFRACTION TECHNIQUES

I. INTRODUCTION

The coupling between two parallel-plate waveguides is analyzed
by application of wedge diffraction. This technique has been success-
fully used to analyse the radiation patterns of parallel-plate wave-
guides{ 1,2] .

The analysis of mutual coupling problems by conventional
electromagnetic theory techniques is, at best, difficult. The use of
geometrical techniques for treating diffraction provides relatively simple
computation of coupling[ 3]. The structural aspects of guide geometry
and orientation, and ground plane structures are accurately included in
the analysis. ‘

II. WEDGE DIFFRACTION

The coupling between parallel-plate waveguides may be analyzed
in terms of diffraction by a perfectly conducting wedge. The problem
of straight edge diffraction by a wedge was first solved by Sommer-
feld[4]. Pauli[5] obtained a practical formulation for the finite-angle
wedge. The diffraction function VB, introduced by Pauli, is employed
in the analysis and is described in Appendix A,

a 116

1. The solution to the problem may be expressed in terms of a scalar
function which represents the component of the electromagnetic field
normal to the plane of study. The diffracted field is given by

The diffraction of a plane wave by a wedge is illustrated in Fig.

(1) Ud = VB(I‘:\P - 4‘0) :l: VB(r;qJ + llJo) 3

where the minus sign applies for the electric field polarization parallel
to the edge and the plus sign applies for perpendicular polarization.
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Fig. 1. Geometry for wedge diffraction.
The total field is given by
(2) U=Ugt+Ug »

where U, is the geometrical optics field. The three regions of the
geometrical optics field are illustrated in Fig. 2. For the case of plane
wave incidence, the geometrical optics fields are given by

(3a) U, = o-Jkr cos(¥-Yo) | incident region;

(3b) Up = e~ Jkr cos{-yg) I o-jkr cos(YHy), incident and reflected
region; and

(3c) Uy = 0, shadow region.
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Fig. 2. Geometrical optics region.

The same convention is used for the choice of sign in Eq. (3b) as was
used in Eq. (1).

The nature of the diffracted wave Uq is that of a cylindrical wave
radiating from the edge. This may be seen from examination of Eq.

(45) in Appendix A; at large distances from the edge the diffracted wave
has the radial dependence of 2 cylindrical wave e JRT /2 Consequently,
a subsequent diffraction by a diffracted wave may be treated as the dif-
fraction of a cylindrical wave by a wedge (as illustrated in Fig. 3). Two
near-field formulations have been used, both of which give nearly the
same results. The geometrical optics fields in each case are given by

(M

-jkR —jk(rz+ roz - 2r vy cos(P-¢,))
(4a) U, = 2 = & .
VR (r2+ 1 2- 2T To cos (Y -))*

incident region;



LINE SOURCE

OBSERVATION
POINT™M
N

No ITMAGE
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field diffraction,
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e-JkR s e_ij': e-jk{r2+ ry2- 2r ro cos (Y -g))

(4b) Uo = t 3
NR R (r2+ 1% - 21 1o cos(-1,)) 4

1
e"jk(r2+ roz’zr ro cos(P+io))?

t ’ s
(r2+ r# - 2r rg cos(y +§ ))*

incident and reflected region; and

(4c) Uy = 0, shadow region,

R and R' are the distances of the line source and its image to the
observation point, respectively. The regions for the geometrical optics
are the same as shown in Fig., 2,
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One diffracted field formulation is obtained by modifying the
solution given in Ohba[6] for the diffraction of a half-plane illuminated
by a dipole source. This solution has been reduced to the two-dimen-
sional form and extended to wedge diffraction. The diffracted wave of
this formulation is thus given by

-jk(r+r,) ., . To
(5a) U.d(r: rosthpo) = e_—_o_ eJk r+1‘0 VB( rTo v 4) _%
[Fre r¥ o

“+1

rr
VB (’ﬂ-fo— 4’+¢§}

The plus sign applies for electric field polarization perpendicular to the
edge of the wedge whereas the minus sign applies for parallel polarization.,
The total field is still given by Eq. (2).

The other diffracted field formulation is obtained from Born and
Wolf[7] for the diffraction of a cylindrical wave by a half-plane. This
formulation is extended to wedge diffraction to give the diffracted wave
as

2rrg

-jk [R+ TR cos( -410)]
e

2r To
(5b) Uatxs To: s o) = J"R—rﬁ VB(m"" '4“;

2
) ' 2rrg
-jkiR +E1-—+—R, cos(y+p,)
e

+ v (21‘1‘0 LIJ q;
t BlR;+ R ¥*¥o
RirR_ t

Z
where Ry = r + rp . ‘]

Both formulations have been extended for non-zero wedge angles to
agree with Pauli's[5] formulation for plane wave diffraction (rgo —o).
However, it should be noted that both formulations are approximate. Each
formulation was compared with the exact solution for diffraction of a
cylindrical wave by a wedge[11] which may be evaluated for small values
of r and r,. For example, both Egs. (5a and b) were found to be accurate
within 1/2% in magnitude for r,=2N and r <r,. Forrg*= 0.8\ (r <rgy)
each formulation is usually accurate within 2 or 3%. Details of this com-
parison will be published in a future report.



III. MUTUAL COUPLING

The mutual coupling between the two parallel-plate waveguides
shown in Fig. 4 will be analyzed by geometrical diffraction techniques.
The coupling between the guides may be expressed in terms of the
modal current excited inone guide by an incident wave in the other
guide; the value of the incident wave may be represented by its modal
current. The use of modal currents allows the phase of the coupled
fields to be included in the analysis in addition to determining the
coupled power. The inclusion of phase information permits multiple
guide problems to be analyzed by superposition. :

In order to avoid unnecessary complications of the analysis, some
restriction will be placed on the geometry of Fig. 4. Namely, the
orientation between the guides and the truncation angles of the guides
are restricted so that edge N; will not be directly illuminated by guide
#2, and edge N; will not be directly illuminated by guide #1.

Coupling in both TEM and TEj; waveguide modes will be considered.
The TEM mode may be represented as a plane wave propagating in the
guide, as shown in Fig. ¥a). For this mode the field distribution across
the guide is uniform with the electric field polarization perpendicular to
the guide walls, The TEp; mode may be represented by two plane waves
bouncing in the guide, as shown in Fig. 5(b). The angle Ao, identified in
the figure, is given by

(6) Ag = sin~! _)\_ .
2a

The field distribution across the guide is sinusoidal for the TEp mode
and the polarization of the electric field is parallel to the guide walls.

A. TEM Coupling

Since TEM mode coupling is easier to analyze it will be treated first.
The incident power and associated modal current will first be determined
for the TEM guide with a unit amplitude magnetic field directed parallel
to the guide walls, The Poynting vector is uniform across the guide. Thus
integration of the Poynting vector across the width of the guide yields the
power flow per unit depth of guide as Z,a, where Z, is the impedance of
free space and a is the width of the guide.
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Fig. 5. TEM and TEg mode propagation.

In conventional transmission line theory, power flow may be
represented by the product of modal currents and voltages in the same
manner as in circuit theory. Similarly, the modal quantities are re-
lated by the transmission line impedance. The transmission line im-
pedance for the TEM mode is simply the ratio of the electric to mag-
netic fields, or the impedance of free space Z,. The field for the TEM
mode will be expressed by the magnetic field because it is representable
by a scalar function. Therefore, for a TEM mode guide with a guide
width a, in which the magnetic field has unit amplitude and zero phase
reference, the modal circuit quantities are given by

(7) Ip = Na and

Vo =Na Z,

Since the impedance of a TEM guide is Z,, the mutual coupling between
TEM guides can then be represented simply as a ratio of modal currents.
The square of this ratio will give the power coupled.

The mutual coupling problem will be solved in essentially three
steps. First, guide 1, the transmitting guide, will be replaced by an
equivalent line source. Next, the response of guide 2, the receiving
guide, to a line source will be determined by application of reciprocity.
Then by combining these two steps, mutual coupling, or the response of
guide 2 to guide 1, will be obtained. Mutual coupling can thus be ex-
pressed as




modal current in guide 2
equivalent line source current of guide 1

« equivalent line source current in guide 1
modal current in guide 1

STEP l: Substitution of Guide 1, the transmitting guide, by
an equivalent line source.

The field radiated by guide 1 (in Fig. 4) in the direction 6, of
guide 2 is accurately given by the singly and doubly diffracted rays
from edge M;. For an incident wave with a unit magnetic field the
singly diffracted ray may be obtained from Eq. .(44) as

. ks
3 =J (kr+z> 1 sin T
2 oa- El:ml) = e mj m; ,

2 . /Zwrkr . 3 . E
= T-by

cos T _ cos
m, m;

(8) Vg(r,

where the asymptotic form of Vg given in Eq. (45) is employed.

The doubly diffracted wave from edge M,; is caused by the singly
diffracted ray from edge N; in the direction of edge M;. This singly
diffracted ray is given by

i 6
eJkal cot By

(9) VB(I',TT- gl’nl)x g
_j r+_11 _1_ sin T
_ e 4 n n, e_]kalcot egl
V/Z'rr kr cos T cos T - Ggl
n n
i )
where the exponential term e_]kalcot 81 is the result of referring the

incident wave to edge M;. The resulting doubly diffracted ray in the
direction of the second guide is obtained by Eq. (5a) as

1 . ™
s T . ra) .
-jr _ — sin — )
(10) e 4 e-]k rta; e jk(rtay) ny nj ejkay cot egl
2 -0
i rta cos T cos "1
A n) nj



TI

cont. sin Ggl

The singly and doubly diffracted rays are as shown in Fig. 6.

270°E,

(a) SINGLY DIFFRACTED RAY (b) DOUBLY DIFFRACTED RAY

Fig. 6. Singly and doubly diffracted rays for the TEM mode.

Ignoring higher-order diffractions, the magnetic field intensity radiated
in the direction of guide 2 by guide 1 with modal current Na; may be ex-
pressed in far-field form as

)4 _ikr — sin ——
'\ﬁ\. e e J m, mi
(11) HTI(BO) =
2w Nr cos — _ cos 32 - En
m;) mj
— sin —- . 5
+ n n e_]kal cot 9g,
-0
cos " - cos i -3
ni ni
ai 3
B . s - T -El’egl,ml)
(s1n Ggl 2
+ VB ‘al y, — T _E1+6 ) ml °
sin Ggl g1

aj 3 a
(10) S [VB<",_’— » S -E, -Ggl, ml) + VB(“——I— , %TT 'E1+eg1a ml)] ;




© An equivalent line source with an omnidirectional radiation pattern
but with its radiated field exactly equal in amplitude and phase to the
; field of guide 1 in the direction of guide 2 (i, e., 8;) may now be intro-
: duced to replace guide 1. Therefore in this analysis guide 1 is replaced
by a single line source located at edge M; that radiates a field given by

-jkr+j X -jkr
= Hr,(6) = DT,(6) =

| (12) I
! . €q /Zwr

where I, is the modal current of the equivalent line source., The
character1st1c impedance of the line source is chosen to be the same

l as that of the TEM guide, Zo, The e~Jlkr=m/4) phase factor in Eq.

! (12) results from the fact that the field radiated by the line source
modal current must be consistent with the field radiated by a TEM

! waveguide modal current. This phase factor is derived in Appendix B.

The modal current of the equivalent line source is thus obtained
from Eq. (12) as

- X
(13) = \N2m DT,(6%) e " 4 .

‘ As shown in Fig. 7, the transmitting guide (guide 1) has been replaced
, by an equivalent line source with modal current Igq such that the same
response is obtained in guide 2,

l
’ !
/

_ .'L___
Ml

EQUIVALENT Hyy N,
EQUIVALENT
LINE SOURCE \
p¥)
GUIDE 1| GUIDE 2 GUIDE 2

Fig. 7. Substituting guide ! by an equivalent line source.
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STEP: 2 Response of Guide 2 to a line source,

By reciprocity, the response of a guide to a line source is equal
to the response of that line source to the guide; this is shown diagram-
matically in Fig. 8. In Fig. 8(a), a line source with modal current I
located at point Q transmits a power Pp. Guide 2 receives a power
PR with associated modal current IR from the line source., In the
. reciprocal situation shown in Fig. 8(b), guide 2 transmits power PT
with associated modal current I, The line source receives power
PR with associated modal current IR. The power received by the line
source in Fig., 8(b) is given by

(14) Pr = |HNQI* 2z, .

where N/27m is the effective aperture of a line source and Hp(Q) is the
field at point Q due to the guide. Thus the modal current received by
the line source is given by

(15) h=£}zﬁm>.

m™

where the characteristic impedance of the line source is Z,.

The field HT(Q) at point Q due to guide 2 may be computed by use

of Eqs. (1) and (5). For an incident wave with a unit magnetic field in the

D
e .

Om= em — —

It T
R
N
P l 2 Py N2
\ EQUIVALENT \
%R 8Y RECIPROCITY It
l R PT

(a) LINE SOURCE TRANSMITTING (b) GUIDE TRANSMITTING

Fig. 8. Application of reciprocity to find response
of a guide to a line source.
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guide the singly diffracted field at point Q from edge M, is obtained
as

(16) SD = Vg(D, -g—Tr -E;,mz) .

The doubly diffracted field from edge M, results from the singly dif-
‘fracted ray from edge N; and is given by

-3 X
L osin. ™ 73
(17) DD = ef¥2zc0t O, (ﬁ) Nz np
2T\ cos = - cos T~z
np n;
u D, az 3 -E 3] .
d sinBg, 2" 2, "g2

Thus the total field at point Q caused by guide 2 is given by

. ap az +
jk <az—Dsin O, ksin Bz D)

e
(18) Hp (Q) = V(D2 -Ezomg) + -
z 2 2 J a; + Dsin bg,
A sin ng
;T
sin e
: : - — e
eJk az cot bgz y n, n, —
cos _Tr_ - CcOSs l‘_:_gz
\ I1 nz /

D 3
X az , 2 m -Ep-0, ,m
VB (az tDsinbg, 2 | e’ ")

az D 3 .
+ ym -Ez +6, ,m )
VB (az +Dsinbg, ‘2 &’ Z)

where the modal current of the source is Na,. Therefore, the response
of the line source at point Q to guide 2 is given by the modal current
ratio

13



I
(19) R _122
It 2ma,

Hrp,(Q) .

By reciprocity, Eq. (19) gives the response IR of guide 2 to a line
source with a transmitting modal current IT.

The near-field formulation of Eq. (5a) is used in the above

" equations for the doubly diffracted terms. Computations were made
using both near-field formulations. The difference in the doubly dif-
fracted terms as computed by the two diffraction forms was found to

be negligible. In fact, this effect is second-order relative to the order
of approximating the diffraction of the guide as that of line source dif-
fraction.

STEP 3: Mutual Coupling

The last step remains in combining the results of the previous
two to obtain  mutual coupling, defined as the ratio between modal
currents in the transfnitting and receiving guides, namely, Iz/h.

The modal current response I of guide 2 is given by IR of Eq. (19)
with the modal current IT specified by the modal current Iy, of the
equivalent line source. Thus, combining Eqs. (13) and (19) the mutual
coupling between the parallel-plate TEM guides of Fig. 4 is given by

(20) I, (modal current received in guide 2)
I; (modal current transmitted by guide 1)

.
A ‘ =)
= D v} ) H Q e 4
a2, T1(% T, (Q)
r
T
i 1 sin _T
- Ne mjy m;j
Zmlaiaz Tr 3/2n - Ey
cos = - cos
mj mi
-
1 o
— sin —
+ n ni (equation continued on next
cos L - cos Legl page)
n) nj




" (20)

] w

cont. . eJkarcot Og, [VB (L,

T -E;-8 ,m;)
i g1
sin Bgl

-

N W

3
+Vv 21 g -E;+6.,,m {Va(D,~ 7 ~E,,
B (sin egl 1 g1 9] r B 2 ZmZ)

J

e 2z D (22 4+p
. o) \@z*tDsin g sin 6g,

2 Jaz + D sin ng

N\ sin Bgz

. T
eJkaz cot ng 1, riz e-J x

3
\s az D ,=®w -Ez-8,,m
[B<az+Dsin9gz 2 ‘e z)

azD 3
+ Vv - m .
B(az+Dsin9gz’ 2™ - Ezt 0, ’)} (

-

DTI(GO) is the diffraction coefficient of the transmitting guide as given
by Eqgs. (11) and (12). HT,(Q) is the field of the receiving gnide at
point Q as given in Eq. (18). The power coupled between the two guides

is given by

(21) P o
P

I

B. TEgp; Coupling

The analysis of mutual coupling for the TEo; mode is basically the
same as that for the TEM mode. The field will be expressed in terms of

15



the electric field because it may be represented by a scalar function for
the TEgq; mode. As shown in Fig. 5(b), the electric field across the
guide varies as cos 2wx/a. For a unit amplitude electric field in each
plane-wave component, integration of the Poynting vector across the
guide width yields a power flow of 2 Yo a cos A,. Thus the associated
modal voltage is

Y
T (22) Vo = [2a _2 cos Ao ,
Yg

where Yo is the free-space admittance and Yg is the guide admittance
- for the TEp; mode.

The mutual coupling problem to be solved has the same general
geometry as given in Fig. 4. An additional restriction is that 8g; > Ag
and agz > Agz so that edges M; and M; will be illuminated by the incident
fields, The same three steps used in the TEM analysis are used to
obtain the solution.

STEP 1: Substitution of Guide | by an equivalent line source

The singly and doubly diffracted rays for the TEgp; mode are shown
in Fig. 9. The singly diffracted field from edge M; is given by

(a) SINGLY DIFFRACTED RAY {(b) DOUBLY DIFFRACTED RAY

Fig. 9. Singly and doubly diffracted ray for the TEp; mode.
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-

N 3
(23) VB(r,> ™ -Ei-Ao,mi) - vB(r,%w -E;+ Agy, mj)

1 . ™ 1

. m
— sSin -— —_— sl —
= mi mj _ mj mjy
cos T _ cos 3/2m-E1-An cos T - cos 32T -E1+An
mi my mj mj

(ke n
o —J( r+ P
|21rkr

where the asymptotic form of VB given in Eq. (45) is employed. The

singly diffracted wave from edge N; in the direction of edge M; is
given by

(24) [Ve(r, = -6g;- Ao1s ny) - vg(r, -8g, +Ao1>ny) ] ejkaicotfy cos Ag
. 1 . ™
— sin — — sin —
ni nj nj ng
B ™ 7 -0, ~A —6,, +Ao;
CO8 — - COS LoUgy a0l cos T _ cos T oTg ter
ny nj ny nj

=) ( + E)
% e_jkal cot 8g;cos Agr , e 4 ’
lanr
where the exponential factor multiplying the VB expression results from

referring the incident wave to edge M;.
from Fig.

This relationship may be seen
10 where the phase difference between the two incident waves
on edges M; and N; is the electrical distance ajcot 9(,, cos Agy. The

resulting doubly diffracted wave from edge M, is thus obtained from Eq.
(5a) as:

T
3T jk 2L -jk(r+a;) 2 osin ™
(25) e r+a, e ) nj
2 € T -0, -A
™ rt+a; ™ ~Vgy Tl
2Tar cO§ — - CO§  —m————
X n; n;
,om
— sin —
- n ny
T -0, +A
cos ™ - cos ___ 817770
nj ny

17



Fig. 10,

: 3
(25) < [VB(—fal—e" —;— m - B ’egl'm1> - VB(:‘EI_—’E " ’E1+egl'm1)
cont. L Sm Ygy

x gJk @a1cot bg, cos Agy L

Ignoring higher-order diffractions, the electric field intensity radiated
in the direction of guide 2 by guide 1l is given in far field form as

_ji ‘K 1 . n
4 -jkr — sin ——
(26) ET,(%) = Me ® e L o1
2T ’\/?[' v 312n -Ey -Aon
COS mi - COSs

mj

18




———

1 T 1
(26) — sin —— o, sin —
cont. - my my + n nj

3/2m- T =g, ~A
cos——- cos E1+A°1’ cos ™ - cos 5 Bl
mg m;j ' m n;

. T
_ o1 ny e_]kalc t gy COS Aoy
T - 95, +A
cos ™ - cos gy T4l
ni ng

.
X ay 3
tVB (E{'H'Gg_l’z T -Ep-8gp m1>

)

ail 3
VB(““ 6g, 2 " “E1t Oy ml)] .

Guide 1 will then be replaced by a single line source located at edge M;
that radiates a field given by

-jkr + j% -jkr
(27) Veq = = Eq,() = Dy(6) < :
2wr r

where Veq is the modal voltage of the equivalent line source. The char-
acterisitc admittance of the line source is chosen to be that of free space,
Yo. The modal voltage of the equivalent source is thus given by

.
= -l
(28) Veq = NZw D,(6,) e 4
STEP 2: Response of Guide 2 to the equivalent line source.
Reciprocity is again applied to obtain the response of a guide to a

line source. The modal voltage received by the line source in Fig. 1l(a)
with characteristic admittance Y, is

19
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2
VT Lo YgaVo
(a) (b)
Fig. 11. Response of the TEq receiving guide
to the equivalent line source.
= A
(29) VR =| = Eq(Q) .

2T

The field ET(Q) at point Q due to guide 2 may be computed by use of
Eqgs. (1) and (5). The singly diffracted field at point Q from edge M;
is obtained from Eq. (1) as

3
(30) SD = Vg(D, 57 -Ez -Agz, mz) - VB(D:%" -Ez+ Agzym3) .

The doubly diffracted field from edge M, results from the singly dif-
fracted ray from edge N and is given by

: N N R
(31) DD = e_]kaz cot Bg, cos Ag, 5= e 4

L osin T 1 sin T

nz ny - nz np

™ ™ -Og, -Agy T ‘n"egz + Aoz
COos —™ - CcoOS — Bz %2 cOs8 — - COS8

nz n; nz nz

20




(31) U ( 22 3 -
* d L : ’E’n- 'Ez’e
cont. sin ng g2

Thus the total field at point Q due to guide 2 is given by

3 3
(32) ET,(Q) = [VB(D'E 7 -Ez-Ag,mz) - Vg(D, 5 T -Ez+Ag mg)]

3 az D az
jk . - = +D
jkaz cot ng cos Agy -j— o [az"’ D sin8g, (sm ng )}

+ e e 4
+ in ©
Trja;,_ ]?sm g
A sin egz
d sin ™ 1 sin ™
nz N2 - na n
- - -6, +
cos T - cos “_egz_l}_o_z_ cos . - cos M
n; ny nz np
. a; D 2 ~ )
{VB (az'i‘Dsin Gg 02 7 Ez gz’mz)
2
- VB az D ,in - E; + 6, M2 ,
a; +Dsin 8, * 2 g

where the modal voltage of the source, guide 2, is given by

YO
(33) VT = 2 az T cos Ag
82

The modal current I, induced in the receiving guide by the equivalent

line source, as shown in Fig. 11l(b), is given by reciprocity[8] as

(34 L, =_¢9 1
) 2 v R
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The modal voltage V, induced in the receiving guide is given by use of
Eqgs. (28), (29), (33), and (34) as
: . I
Iz Y ,\/)_\ ~J 4
(35) Vp = = |12 = DT,(6) ET,(Q) .

82 Ygz J Zaz Cos Koz

STEP 3: Mutual coupling

The modal voltage response, V;, of guide 2 is given by Eq. (35)
for which the source, guide 1, has a modal voltage as given by Eq. (22);
il.e.,

YO
(36) V1 = 2 ay; — cos A01 .
Ygl

Thus the TEo; mutual coupling between the parallel-plate guides of Fig.
4 is given by

(37) modal voltage received in guide 2
modal voltage transmitted in guide 1

T
—._

Vo _ Y R e

Vi JYgz. ZJalazcos Ay cos Ay,

DT,(%) E T,(Q) .

DTI(BO) is the diffraction coefficient of the transmitting guide as given by
Eqs. (27) and (28). ET,(Q) is the field of the receiving guide at point Q
as given by Eq. (32). The power coupled between the two guides is given

2
(38) P - | V2 Ye
P, Vi Ygl

Iv. GROUND PLANE CASE

The expressions for coupling which are derived in the previous
sections are valid provided the wedge angles for wedges M; and M; are
not too large. Since these expressions neglect the contribution from the
intersection of these two wedges they are not accurate if the intersection
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is near the line of sight between edges M; and M;. Typically the inter-
section should be at least 20° removed from the line of sight. However,
the case for which the wedge surfaces coincide to form a ground plane
between the guides can be treated for the TEM mode in the same manner
as before. TEp; coupling for the ground-plane case is quite small; and
this analysis predicts zero coupling.

The basic difference between the derivations for coupling with and
" without ground plane results from the distinction between incident and
total fields for grazing incidence on a ground plane. The effective
aperture of a magnetic line source on an infinite ground plane is A/w for
non-grazing incidence, as shown in Fig. 12(a). If the effective aperture
for grazing incidence is defined as A/, then the incident field intensity
must be taken as one half of the total field incident on the line source;
the other half must be considered as the reflected field as shown in Fig.
i2(b).

rl_ |y .
r leH‘/: Hi=Hie s 24
d<<)\ o %
77777777777/ / 77,7777
(@) P =X si= 2 |uil2y, (b) P = 2| Lnt|2y,

Fig. 12, Effective aperture of a line source on a ground plane.

In Step 1 of the analysis for TEM coupling in the ground-plane
case the transmitting guide is replaced, as shown in Fig. 7, by an
equivalent line source located on a ground plane which radiates a field
given by

-jkr + j = ,
(39 feq : (6,) = Dy (85) e
) = H = 3
NT T Tibo LN AN

where the field radiated by the transmitting guide is given by Eq. (11).
Thus the modal current of the equivalent line source is given by

=

(40) leq = N™ D,(8) e ? ,

where a difference of N2 with respect to Eq. (13) occurs because the line
source on the ground plane has a gain of 2.
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In Step 2 of the analysis the response of the receiving guide to a
line source located on the ground plane is again determined by use of
reciprocity. In the determination of the modal current of the line source
due to the guide the field HT(Q), as given by Eq. (18), represents the
total field and hence the effective aperture /7 of the line source applies
to 1/2 Hp(Q). Thus the modal current received by the line source in
Fig. 8(b) is given by

_ 1A
(41) IR-EE H(Q)

where HT(Q) is given by Eq. (18) and applies when the guide transmits
with a modal current Na. Hence the response of the line source to the
guide and consequently the response of the guide to the line source is
given by the modal current ratio

(42) Ir =% J}"_a HT(Q) .

o

In Step 3, the previous two steps are combined to determine the
coupling between the two guides. Coupling is obtained from Eq.(42)
in which the value of IT is given by the equivalent line source current,
qu, of Eq. (40). Therefore the TEM mode coupling between the two
guides in the ground plane case is given by

.o
_J —
(43) L - —-"-ﬁ‘—— DT,(6) HT,(Q) e 4
I1 2 ajaz
! sin
- A mj m;
ZNaj a, T 3/2TI'-E1
§ —™-- cos
m;
+ n sin ny % ejkalcot 6g,
cos— - cos m- agl
n) ni

(equation continued on next page)
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(43) 3
cont. Vv 2 S - -
[ B (sin 0, 2 T -Ep -8y ml)

ai 3
tvo (=2 3 4
B(sinegl’z Ep+8gy >

-

3
X 4 Vg (D, W—Ez,mz>

Jk[a + Dsm Og, (Sin Bg, ¥ D)] jkaz cot ©
X e 2 g2

az +D Slnt—

)\.S‘Lneg
— sin — i g
2 X
7 -0 2 €
COS . - COS
n;
az D é_ T
% [VB (az + Dsin ng T egz’ mZ)

w

8

.
+ Vg ( az D —, S -E;+ Bgz,m%‘l .

az +Dsin bgz

It is noted that the coupling predicted by the ground-plane case is
exactly 6 db lower than that which would be calculated from Eq. (20)

for the case of smaller wedge angles.
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V. RESULTS

Mutual coupling, as expressed in Eqs. (20) and (37), was com-
puted with a Scatran program for an IBM 7094 digital computer.
Measured results were obtained by utilization of wide-angle sectoral
horns to simulate infinite parallel plate guides[3]. An E-plane
sectoral horn was used to verify TEg; coupling and an H-plane sectoral
horn was used to verify TEM coupling. The effect of diffraction in the
third dimension for these finite apertures was determined by measuring
the on-axis coupling between the horns, with their plates contacting so
as to eliminate diffraction in the plane of interest. Both calculated and
measured results are presented in the following figures., Figures 13 -
22 show influences of various parameters on mutual coupling between
guides in the TEM mode, whereas Figs. 23 - 26 apply for guides in the
TEo, mode. The guide widths of 0,338\ and 0,761\ were chosen to
represent the dimensions of a standard X-band waveguide operating at
10 GH.

Figure 13 shows the effect of wedge angle variations on mutual
coupling between guides in the TEM mode, Calculated results are
shown for two different guide widths with measured results for only
Case (c) (half-plane guides with U, 338\ guide width). The observed
trend is that of increase in coupling with increase in wedge angle.
For wedge angles approaching 90°, the formulation of Eq. (20) is
inaccurate, as previously discussed. However, the formulation for
the ground-plane case is given in Eq. (40) and the calculated results
are shown in Fig. 14 with one set of experimental verification.

The effects of guide truncation angle on coupling in the TEM mode
for half-plane guides are shown in Figs. 15 and 16. For the 0.338 guide
width case (Fig. 15) the trend is as one would expect, i.e. a decrease
in coupling for a decrease in guide angle Og. For the 0. 761\ guide width
case (Fig. 16), however, the trend is somewhat different. Calculated
far field patterns using the same edge diffraction techniques over the
same range of eg for the two guides also verifies these trends,

Figure 17 shows the effect of guide width variation on coupling
between TEM mode guides with half-plane walls while Fig. 18 is for a
TEM mode guide terminated normally by a ground plane. As expected,
the coupling decreases with increasing guide width and hence increasing
pattern directivity.

Mutual coupling between parallel guides truncated obliquely are

shown in Figs. 19 and 20, The configurations are chosen with consideration
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for possible array application. Coupling between obliquely truncated
guides with skew orientations are given in Figs. 21 and 22 for the half-
plane and ground-plane cases., These results illustrate the versatility
of the use of edge diffraction techniques to compute coupling.

Coupling as a function of wedge angle for guides in the TEjp mode
is considered in Fig. 23. Measured results are shown for the half-
plane case. Coupling is observed to decrease with increase in wedge
' angle. For a wedge angle equal to 90°; i.e. the ground plane case
computed coupling is zero for this mode.

The effect of truncation angle variation on coupling between TEg;
mode guides with half-plane walls is studied in Fig. 24. The formu-
lation of Eq. (37) applies only for 6 > sin~! \/2a as was previously
stated. However, the formulation may readily be extended for Gg <
sin-1 \/2a.

Figure 25 shows the effect of guide width variation on coupling
between TEg mode guides with half-plane walls while Fig. 26 shows
the effect of oblique guide truncation. Trends observed between TEM
and TEg; guides are seen to be similar.

V. CONCLUSIONS

The coupling between parallel-plate waveguides is analyzed by
edge-diffraction techniques. Theoretical determination of coupling is
difficult, if at all possible, by conventional methods. Furthermore,
the edge-diffraction method permits the determination of structural
effects such as waveguide geometry and orientation on coupling.

Although this analysis is approximate, it is generally accurate
except in cases in which a guide truncation angle is nearly equal to the
propagation angle of the waveguide mode. Two formulations for coupling
are used for the TEM mode; one for moderate-size wedge angles and
one for the ground plane case., Coupling was measured for normally
truncated guides whose apertures lie in the same plane, for the TEM
and TEp; half-plane cases, and the TEM ground plane case, These
measured values are in good agreement with calculated values,

The analysis given here may be applied to a theoretical study of
mutual coupling in an array of parallel-plate waveguides. The total
coupling to each guide would be obtained by superposition of the coupling
from each of the other elements in the array.
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MUTUAL COUPLING IN DECIBELS

(a) WA = 60°

(b) WA = 45°} = 0.338\

(c) WA = 0°

A MEASURED VALUES FOR CASE (c)

(d) WA = 60°
-16 (e) WA = 4§°}a = 0.76I\

(f) WA =0 TEM coupume
‘ZO\F

(c)

A R A

-30 (d)

-40pb—
-50 l ‘ ‘
0.4 0.8 1.2 1.6 2.0 2.4

GUIDE SEPARATION (d/\)

Fig. 13. Effect of wedge angle on TEM mode coupling.

28




MUTUAL COUPLING IN DECIBELS

=20

-30

TEM COUPLING

P

A A A A A
A A A
(MEASURED VALUES FoRr C%SE a)

-50

0.4 0.8 1.2 1.6 2.0

GUIDE SEPARATION (d/\)

Fig. 14. TEM mode coupling with ground plane.
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MUTUAL COUPLING IN DECIBELS

TEM MODE

-l0F—— Bg

ald]a

HALF PLANE GUIDES

Ma) 8g= 90°
(b)99= 75°
(c)B8g= 60° pra=0.338)

I

Fig. 15.

0.8 .2 1.6 2.0
GUIDE SEPARATION (d/X)

Effect of guide truncation angle on TEM coupling.
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MUTUAL COUPLING IN DECIBELS

(a) Gg
(b) 84
(c)8q
- (d)8g
(e)8g

90°)
75°
60° $a = 0.761\
45°
30° .

TEM MODE
ajldia

-40 b——
W]
0.4 0.8 1.2 1.6 2.0 2.4
GUIDE SEPARATION (d/X)
Fig. 16, Effect of guide truncation angle on TEM coupling.
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MUTUAL COUPLING IN DECIBELS

TEM MODE

‘oid‘ol
-op—

-20
W)\

w.sx

-30—

NE 0.8\

-40b——m
(dYa = 1.OX
‘50\.\& \ \ \
0.4 0.8 1.2 1.6 2.0 2.4

GUIDE SEPARATION (d/X)

Fig. 17. Effect of guide width on TEM coupling.
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MUTUAL COUPLING IN DECIBELS

TEM COUPLING vs
GUIDE WIDTH

=94
o777 777, 777777'
A L

ayp 101

1 4

L
O
D \\j

-20—— (a) a = 0.4)

-50

0.4 0.8 1.2 1.6 2.0

GUIDE SEPARATION (d/X)

Fig. 18. Effect of guide width variation
on TEM coupling.
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MUTUAL COUPLING IN DECIBELS

-20

TEM COUPLING
I
GQW/V—
HALF PLANE GUIDES
(a) 8g=90°

(b) 6= 60°}a = 0.338\
(C) eg= 30°

GUIDE SEPARATION (d/\)

Fig. 19. TEM mode coupling for half-plane parallel

guides truncated obliquely.
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MUTUAL COUPLING IN DECIBELS

TEM COUPLING
4=

Rl':’;go‘«"::g &7
6, o

GROUND PLANE GUIDES

(0) Gg = 90°
}a-“ 0.338A

\Lé(b) 993 60°
_ZO\L (c) eg = 30°

\(d) 99= 30°
(e) g 60°}0 = 0.761)

(£)8g = 90°
-50 ‘ \ ‘ \
0.4 0.8 1.2 1.6 2.0 2.4
GUIDE SEPARATION (d/\)
Fig. 20. Coupling between TEM mode parallel guides

truncated obliquely by a ground plane.
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MUTUAL COUPLING IN DECIBELS

-20

-50

TEM COUPLING

(a) Bg= 30°% a = 0.338)
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|
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Fig. 21,

0.8 1.2

1.6

2.0

GUIDE SEPARATION (d/\)

TEM coupling for half-plane guides.
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MUTUAL COUPLING IN DECIBELS

TEM COUPLING

-40p—
J o]
0.4 0.8 .2 .6 2.0 2.4

GUIDE SEPARATION (d/X)

Fig. 22. TEM coupling between ground plane guides.
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MUTUAL COUPLING IN DECIBELS

TEg COUPLING

4

Q a
| ‘WAfI E%AW‘J [WA

A MEASURED VALUES FOR CASE (a)

(a) WA = 0°
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(c)WA = 60°
s ..,

-40
\\
-50
0.4 0.8 1.2 1.6 2.0 2.4
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Fig. 23. Effect of wedge angle on TEq coupling.
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MUTUAL COUPLING IN DECIBELS
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Fig. 24. Effect of truncation angle on TEg coupling.
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MUTUAL COUPLING IN DECIBELS
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Fig. 25. Effect of guide width on TEp coupling.
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MUTUAL COUPLING IN DECIBELS

TE MODE

egj V" l"l%_ geg
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Fig. 26. TEgq mode coupling for half-plane parallel

guides truncated obliquely.
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APPENDIX A

The diffraction function VgB(r, ¢) for plane-wave incidence has
been expressed by Pauli[5] as

.
1 sin-—l— e J 4 2 lcos %
44 Vv =
‘ (44) Blr, ) - ~ - 3
cOos — - COSs
n n
(o]
jkr cos -jr?
X o) ¢ g 9T dn
1
(akr)2

+ [ higher-order terms] s

where a =1+ cos ¢,

The higher-order terms appearing in Eq. (44) are identically equal to
zero for the half-plane case, i.e., n =2, For more general values of
n, higher-order terms are negligible at large values of kr. The function
may be further simplified for large values of akr; large values of akr
imply the point of observation is removed from both the diffracting
wedge (r large) and the shadow boundary (¢ = 180° — a = 1 + cos ¢ =0),
The field, under these conditions, may be expressed by

s
“ilkr+—
J(r 4> legin T
€ n n

(45) Vvglr,9) = + [higher-order terms].

JZTrkr

The diffracted field as expressed by Eq. (45) is that from which the
asymptotic diffraction coefficients of the Geometrical Theory of Dif-
fraction[9, 10] are obtained.

For cases in which the higher-order terms of Eq. (44) are signi-
ficant, an alternative formulation of the problem based on a Bessel
function expansion given in Reference 11 may be used. The higher-
order terms of the Fresnel integral formulation become significant for
values of radial parameter r less than one wavelength. The Bessel
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* function formulation, which converges rapidly for radial parameters

in this region , is given by

v m
21 . n mé
(46) V(r, $) ey z €m J Jﬂ(kr) cos —-
m=0,1 n

where Jm/nlkr) is the cylindrical Bessel function of order m/n and €m

*is Neumann's number defined by

1 m=0
2 m#0

Equation (46) represents the total incident or reflected field where the
total field is given by

(47) U(r,§) = V(r, Y-go) + V(rd+4o) .

The diffracted field may be obtained by simply subtracting the geometric
optics field in Eq. (5) from the expression in Eq. (46).
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APPENDIX B

The field radiated by a line source in free space with modal
current I is given by

-jkr + j‘l;-
(48) H=1% ____ — ,
) j2mr

where the characteristic impedance Zy of the line source is chosen to
be that of free space. Thus the magnitude of the field in Eq. (48)
corresponds to the power density of a power Pg = |I 2 Zo which is
radiated isotropically.

The e-J(kr-m/4) phase factor in Eq. (48) results from the fact
that the field radiated by the line source modal current must be consist-
ent with the field radiated by a TEM waveguide modal current. A con-
venient basis for reference is the thin-walled TEM guide with normal
truncation (8 = 90°). The phase of the field radiated on-axis by this
guide with a zero phase modal current is the appropriate phase for the
radiated field from a line source with zero phase modal current. The
on-axis field of the normally truncated guide is given by the singly dif-
fracted fields from edges M; and N; because the higher-order diffractions
are zero on-axis. The total radiated field on axis is given by[12]

.
-j(kr + I { jka cos @+E>
e 4 1 e 2
(49) lim : ‘ - -
6 —0 2[2nke T+ m-©
cos 2 cos 2
Sifkr+ I jk2gine _jkagine
. e -J—-z— sin e -
= 11rn —_—— e

2
) ™
=) (kr +74_) -j=2sinb 2j sin(k—za sin 9)
S 2
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where the associated modal current in the guide is Na ejo. Thus the
phase factor of the radiated field from a line source in Eq. (48) is
the same as that associated with the normally truncated guide in Eq.

(49).
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